12. Extreme Values and Optimization Part 2

In this lecture, we will discuss

e Extreme Values of Functions of Two Variables

o Local and Absolute Extreme Values of z = f(z,y)

o Critical points

o Second Derivatives Test

o Extreme Value Theorem for Functions of Two Variables
e Constrained Optimization: Lagrange Multipliers

o Method of Lagrange Multipliers

Extreme Values of Functions of Two Variables

Definition Local and Absolute Extreme Values of z = f(z, y)

A function of two variables has a local maximum at (a, b) if f(z,y) < f(a,b) when (z,y) is near (a, b). [This
means that f(z,y) < f(a,b) for all points (z, y) in some open ball with center (a, b).]

The number f(a, b) is called a local maximum value. If f(z,y) > f(a,b) when (z,y) is near (a, b), then
f(a,b) is alocal minimum value.

If the inequalities in the above definition hold for all points (z, y) in the domain of f, then f has an absolute
maximum (or absolute minimum) at (a, b).

Minimum and maximum values of a function are called extreme values.

relative and absolute maximum

relative and absolute minimum
Figure 48 Extreme values of a function z = f(x, y).
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Theorem Generalization of Fermat's Theorem
If f has a local maximum or minimum at (a, b) and the first-order partial derivatives of f exist there, then
fz(a,b) = 0and f,(a,b) = 0.

ch (a.b) = °

Definition Critical Point

A point (a, b) is called a critical point of f if f;(a,b) = 0and f,(a,b) = 0, or if one of these partial derivatives
does not exist.

Example 1. Find the critical points of the function f(z,y) = 2 + y? + 2z — 6y + 5.
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Definition. Saddle Point

A critical point that is neither a local minimum point nor a local maximum point is called a saddle point.

Graph of f(z,y) = 222 — y* + 3 Level (contour) curve of f near (0, 0)
Exercise: yer '1'} (0.0) & acnticol Paa‘m‘ Tor T

4

At (0,0), the g h? oT é']c l:Ias the
S)tare o]L O so\t;(d(e

Second Derivatives Test

Suppose the second partial derivatives of f are continuous on an open ball with center (a, b), and suppose that
fz(a,b) = 0and f,(a,b) = 0 [thatis, (a, b) is a critical point of f 1. Let

D = D(a,b) = fuz(a,b) fyy(a,) — [foy(a, b)]*
@@ If D > 0and f;;(a,b) > 0, then f(a,b) is a local minimum.
(b) If D > 0 and fzz(a,b) < 0, then f(a,b) is a local maximum.

() If D < 0, then f(a,b) is not a local maximum or minimum (i.e., it is a saddle point).

Remarks.
1. If D = 0, the test gives no information: f could have a local maximum or local minimum at (a, b), or (a, b)
could be a saddle point of f.

2. To remember the formula for D it's helpful to write it as a determinant:

fxx fzy

D=
fya: fyy

= fxa:fyy - (f:cy)z

The following matrix is called Hessian matrix

[ fax(z,y)  fay(z, y)}

HI®D =11 (an) fuloy)
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Example 2. Find the critical point of the function f(z,y) = 4x — 4y — In(|z + y|). Then use the Second
Derivative Test to examine the critical point.
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Example 3. Find the local maximum and minimum values and saddle points of f(z,y) = z* + y* — 4zy + 1.

Graph of f(z,y) = z* + y* —dzy + 1 Level (contour) curve of f
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Lagrange Multipliers

Now we present Lagrange's method for maximizing or minimizing a general function f(z,y, z) subject to a
constraint (or side condition) of the form g(z, y, 2) = k.

Let's consider the geometric basis of Lagrange's method for functions of two variables.

e We want to find the extreme values of f(z,y) subject to a constraint of the form g(z, y) = k. That is, we
seek the extreme values of f(z,y) when the point (z, y) is restricted to lie on the level curve g(z,y) = k.

e The following figure shows this curve together with several level curves of f.

Y4

These have the equations f(z,y) = ¢, wherec = 7, 8,9, 10, 11.

To maximize f(z,y) subject to g(z,y) = kis to find the largest value of ¢ such that the level curve
f(z,y) = cintersects g(x,y) = k.

It appears from the figure that this happens when these curves just touch each other, that is, when they
have a common tangent line. (Otherwise, the value of ¢ could be increased further.)

This means that the normal lines at the point (Zg, yo) where they touch are identical. So the gradient
vectors are parallel; thatis, V f (2o, y0) = AVg (20, yo) for some scalar A.

Theorem Lagrange Multipliers for Functions of Two Variables

Let f,g: U C R? — IR? be functions with continuous first derivatives. If the function f(z, y) has a local
maximum or a local minimum subject to the constraint g(z, y) = katx¢ = (x0,¥o), and if Vg (x¢) # 0, then
Vf(zo,y0) = AVg (20, yo), for some real number A.

Remark. The number in the above theorem is called a Lagrange multiplier.
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Method of Lagrange Multipliers for Functions of Three Variables

To find the maximum and minimum values of f(z, y, z) subject to the constraint g(z, y, z) = k [assuming that
these extreme values exist and Vg # 0 on the surface g(z,y, z) = k] :
(a) Find all values of x, y, z, and A such that

Vf(z,y,2) = A\Vg(z,y, 2)
9(z,y,2) =k

and
(b) Evaluate f at all the points (, y, ) that result from step (a). The largest of these values is the maximum
value of f; the smallest is the minimum value of f.

Example 7.

A company manufactures x units of one item and y units of another. The total cost in dollars, C, of producing
these two items is approximated by the function

C = 52 + 2zy + 3y* + 500.

(a) If the production quota for the total number of items (both types combined) is 30, find the minimum
production cost. g(x ,ﬂ): >(+ﬁ = 30

(b) Estimate the additional production cost or savings if the production quota is raised to 31 or lowered to 29 .

NS We wont 1o minimize Cu,:j) wbjece to

jcx,ﬂ) = ><+11j =30
We. com‘wcf%
VCLmj) - (£ lé%) _ (/OxﬂAj, 2etby )
v gy = (=1 %) = (4,1
Use Zotjmvxje WMH/'ID//@Y‘ method
SJreF ©). we need 4o Aiad ol <4 such Hhet

>C =17 (0%429 , 2xctey) = A(T, 1)
N

3“'3):50 A4 =30
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